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Boundary Element Method’s Treatment of Interfacial Thermal
Stresses Between Dissimilar Anisotropic Materials

Y. C. Shiah*and Y. J. Lin®
Feng Chia University, Taichung 40724, Taiwan, Republic of China

One of the most crucial concerns in the use of bonded composites lies in the interfacial thermal stresses developed
between dissimilar materials as a result of the mismatch of thermal expansion coefficients. Although the boundary
element method (BEM) has been recognized as an efficient computational tool, especially for rapidly varying
stresses near the free edge of bonded composites, the study of the interfacial thermal stresses between dissimilar
anisotropic materials by BEM still remains unexplored. An intercoupled BEM approach is proposed to investigate
the interfacial thermal stresses by transforming the volume integral caused by thermal loading into a series of
boundaries ones. Three numerical examples are provided as illustrations of the veracity as well as the applicability

of the proposed scheme.

Nomenclature
A;; = complex constants depending on material properties
C;; = geometrical coefficients at the source point
Cy = heat-source term
K;; = heat-conductivity coefficients of anisotropic materials
n; = components of the unit outward normal vector along
the boundary
P = source point on the boundary
Q = field point on the boundary
Q* = fundamental solution of the normal temperature gradient
q = field point in the domain
r;; = complex constants depending on material properties
S = boundary surface
T;; = fundamental solution for the traction
t; = nodal tractions
U;; = fundamental solution for the displacement
u; = nodal displacements
Xpi = coordinates of the source point
B = inclined angle of the outward normal measured
from the x; axis
yix = constant coefficients related to thermal properties
of the material
¢ = local coordinates of the field point
® = temperature change at the field point
®* = the fundamental solution of the temperature field
u; = complex root of the characteristic equation
for anisotropic materials
Q = domain region

1. Introduction

INCE the early 1960s, structural materials with anisotropic

properties have been widely used in numerous commercial,
aerospace, and military engineering applications. In recent years, the
remarkable progress of industrial technologies has made extremely
high demands of anisotropic materials to meet high-level require-
ments. For various purposes, composites are often constructed by
combining two or more anisotropic materials such that the phys-
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ically or chemically different phases will make possible the high
performance. In achieving this high performance, the interaction
between constituent materials in the interface is of utmost impor-
tance. One of the most crucial concerns in the use of such bonded
composites lies in the interfacial thermal stresses developed between
dissimilar materials as a result of the mismatch of thermal expan-
sion coefficients, which will cause possible debonding under some
circumstance. This has led to increasing attention being paid to the
thermoelastic analysis of the interfacial stresses when the bonded
structure is subjected to thermal loads.

Although some analytical solutions can be obtained for a few
specific problems ( e.g., see Suhir! and Yin?), recourse to numerical
methods such as the finite element method (FEM) and the bound-
ary element method (BEM) is usually necessary in general. To this
end, the BEM, sometimes also referred to as the boundary-integral-
equation (BIE) method, has been recognized as an efficient com-
putational tool for engineering stress analysis, especially for prob-
lems with rapidly varying stresses. For complex problems, the BEM
has the advantage that less data-storage memories and computa-
tion efforts are needed, especially for the thermoelasticity problem
that all temperature and its spatial gradients need to be computed
for the whole domain by the domain solution techniques. In the
BEM, however, only the boundary data are required for the com-
putation. The numerical examples shown in the paper are simply
to show the veracity and generality of the proposed scheme. For
problems with irregular shapes, however, highly skilled meshing
scheme will thus be required by the traditional domain solution
techniques like the finite difference method and FEM. Although the
behavior of the singular stress field near the free edge has promised
excellent accuracy for the use of BEM, the BEM study on the in-
terfacial thermal stresses between dissimilar anisotropic materials
subjected to a general thermal field still remain unexplored. The
main reason is that thermoelastic effects manifest themselves as
additional volume integral terms in BEM for elastostatics when
using the direct boundary integral equation formulation. Any nu-
merical BIE formulation that requires the direct evaluation of the
volume integral would, however, destroy the notion of the BEM
as a computational technique of boundary solution for engineering
analysis.

Several schemes have been proposed over the years to resolve this
volume integral problem in the BIE analysis of isotropic, elastic bod-
ies when inertial and thermal effects are considered. They include
the Monte Carlo and domain fanning approach (e.g., see Camp and
Gipson?), the particular integral approach (e.g., see Lachat* and Deb
and Banerjee®), and the exact transformation method (ETM) (e.g.,
see Rizzo and Shippy,® Tan,” and Danson®). Among these schemes,
ETM, which exactly transforms the volume integral into a series
of integrals over just the boundary, is fundamentally most appeal-
ing because it restores the analysis to a purely boundary one without
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the need to make further numerical approximations per se. Although
ETM is now widely employed to treat the volume integrals asso-
ciated with body-force and thermal effects in isotropic elasticity,
similar transformations for anisotropic thermoelasticity have not
been achieved until very recently when Shiah and Tan® successfully
transformed the associated volume integral into a series of bound-
ary ones by treating the problem in a sequentially coupled manner.
By this approach, the domain for the thermal field must be mapped
unto an auxiliary plane, where the associated temperature field in
the distorted domain is governed by the standard Laplace’s equa-
tion. In extending the approach for interior calculations, Shiah and
Tan'® further derived the Somigliana’s identity of interior strains un-
der general thermal loads. Despite extensive applications of bonded
anisotropic materials in engineering industries, no BEM work has
been reported in literature so far to deal with interfacial thermoelas-
tic stresses between dissimilar anisotropic materials under general
thermal loads.

In this paper, the ETM is employed to further treat the interfacial
problem by the intercoupled way as was done by Shiah and Tan®
for a single homogeneous domain. For this purpose, the domain
needs to be mapped onto the auxiliary plane through a linear coor-
dinate transformation.!! In the domain mapping process, however,
the physical domain becomes distorted in the mapped plane. When
a domain consists of several anisotropic regions, for each of which a
different set of anisotropic coefficients is involved, the interfaces be-
tween dissimilar conjoint materials will, in general, overlap or sep-
arate in the mapped plane. To apply the conventional subregioning
technique for the thermal field problem in BEM, the compatibility
equation considering overlapping/separating interfaces is derived
for the present work. To treat the problem in the sequentially cou-
pled way, the computer codes for solving the boundary equations for
both problems have been integrated into a single program such that
whenever the temperature field data at interior points are required
for solving the BIE of thermoelasticity, they can be computed in-
teractively by the BIE for the associated field problem. In contrast
with other schemes proposed over the years to treat the thermoelas-
ticity problem, this interactive approach marks the key to solving
the sequentially coupled problem by the exactly transformed BIE,
yet without any further numerical approximations per se. For illus-
trations of the veracity as well as the applicability of the proposed
scheme, three numerical examples are presented with verification
by the analysis of ANSYS6.0, commercial software based on the
finite element method.

II. BIE of Thermoelasticity

In the direct formulation of the BEM for an anisotropic solid
in two dimensions, the BIE provides an integral relation between
the displacements u; and the tractions #; on the boundary § of the
domain €2, which is described by

Cijui (P) + ygui(Q)Tf_;(P, Q)ds = ?{If(Q)Uij(P, Q)ds
N

N

+ fyiknk(anj(Pa Q)ds — / Yi® Ui (P, q) d2 ey
s Q

The displacement fundamental solution for anisotropic materials
U;j, which will be used in the subsequent transformation process
for the volume integral, can be written as

Uij(P,q) = 2Re{ri1Ajl log z(u) +rinAjn logz(na)}  (2)

The generalized variables z(u;), with components denoted by z;
and z, in what follows, are defined by

Zi = (X1 — Xp1) + Wi (X2 — Xp2) = &1 + wil2 3)

It is apparent that the last term in Eq. (1), a domain integral, would
destroy the distinctive feature of BEM as a truly boundary solution
computational technique if it is implemented directly. The task now
is to analytically transform the domain integral into boundary ones
with procedures described as follows.

To treat the thermoelasticity problem in a sequentially coupled
manner, we need to start from considering the thermal field problem
first. With the assumption of steady-state conditions and the pres-
ence of a uniformly distributed heat source in the domain, the tem-
perature change ® for anisotropic materials must satisfy the heat-
conduction equation

kijg,ij = CO (4)

From thermodynamic considerations and Onsagar’s reciprocity re-
lation, these coefficients must satisfy

Ky >0, K» >0, K = Ky

A=K11K22—K|22>0 (5)

To facilitate the “volume-to-surface” integral transformation that
will be elaborated later, the Euler’s equation (4) is transformed into
the standard Poisson’s equation, that is,

04 =C ©)

where the constant C; is given by C; = CyK;/A; the underline in
the indices appearing in Eq. (6) denotes a new coordinate system
(%1, X»), defined by the linear transformation

[£1 %" = [F(Kp)lxi x]”
i xl =[F K]k &1 ™

As is presented in detail by Shiah and Tan,’ the transformation (or
the inverse transformation) matrix in Eq. (7), [F(K;;)] [orF~! (Kipl,
has its component elements [ F,,,] (or [F, -17), given by

mn

F=<\/K/K” 0), Fl=<[(“/\/Z 0) @®

—Kip/Kiy 1 Klz/\/X 1

Figure 1 shows an example of the distortion of a circular domain
that is mapped into an oblique ellipse in the transformed coordinate
system. With the domain directly mapped onto the auxiliary plane
using Eq. (7), the temperature and its gradients at the boundary
nodes can therefore be calculated by solving the boundary equation

¢,0, +/®Q*d§=/q®*d§ )

Notice that the integration is carried out for the distorted bound-
ary of the mapped domain. The procedures to solve the boundary
integral equation for isotropic media have been well established in
the BEM literature and therefore will not be elaborated herein. As a
postprocess, the solution for the physical domain can, therefore, be
obtained by transforming the obtained data back according to the
transformation matrix given in Eq. (7). For a complete description
of such transformation processes, the reader can refer to the work
by Shiah and Tan.'!

After all field data at boundary nodes, including the temperature
and its spatial gradients to the first order, are determined through
the process as aforementioned, we can now turn back to the ther-
moelasticity BIE for anisotropic media. The temperature gradients

AN I
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Fig. 1 Domain mapping into the ¥;-coordinate system.
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in the original Cartesian coordinate system can then be rewritten
in the mapped coordinate system, denoted by the underline in the
indices, as follows:

©1=0,vVA/Ki —0,Kn/Ky, ©,=0, (10)
From these, it can be readily shown that the extra volume integral
(VD in Eq. (3) can be rewritten as
VI, =—/ Yie® 1 Uy dQ2 (11)
6 & L

where y;; can be expressed in a matrix form as

—YuKp + vk
Yii T
K11K22 - K]z

Yik = (12)
- v Y2 K + vy K1
=
KiK»n— K},

Only the main steps of the exact transformation process will be
described here as the complete detail has been presented previously
by Shiah and Tan.” By applying Green’s theorem consecutively
together with the auxiliary condition of Eq. (6), it can be shown that
the volume integral in Eq. (11) can be analytically transformed into
boundary ones as follows:

VI; = ﬁ[(ViQﬂ{@ — Vik Qijk O s
§

+ CryuRiji)n, — vuUs;Ong] ds (13)

where the functions Q;jx, Qijk.., and R;jx, in the integrand are given
by - = —

ritAipeizilog(zy)  rinA i pinzs log(za)
Oy = 2Re{ O ORED | TRCRRER PRI (4
- (1 + 1) (131 + 1)
ritAjitaprazi10g(z1)  ri2Ajppeiinzz 10g(z2)
Qi/'k,L = 2Re 2 2 5 >
- (k1 + 13)) (13, + 13,)
(15)
riAjima (21 log(z) — 21 /2)
Riju = 2Re — .
- e (1, + 13)
riZAjZMQ(Zi log (z) — 22/2) (16)
dup (1, + 13,)

InEqs. (14-16), 1 j; takes the values of the elements of the following
matrix: -

Kiy+wKy K+ wukKp
wi=|" va Ja (7)
1231 2

With the domain integral transformed into boundary ones albeit
in the mapped coordinate system, the thermoelasticity BIE for
anisotropic materials can now be expressed as follows:

Cijuf(P)+/ui(Q)Ej(P, Q)dszfti(Q)Uij(P7 0)ds
N

s
+ /yiknk®Uij(Ps 0)ds+ [[()@Qﬁ,g@) — Vi Qijk®.;
s §

+ CryuRiji)n, — vuUsi (P, Q)On] dS (18)

g

&

Fig. 2 Simply connected con-
vex domain.

Fig. 3 Simply connected non-
convex domain.

. >,
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O

Fig. 4 Multiply connected domain.

The integrands in the transformed integrals do not present numerical
difficulties for their evaluation, as they are at most weakly singular.
Before the numerical implementation, however, the validity of the
analytical transformation needs to be further examined. Consider,
for example, the instance when the source point is on that part of
the boundary at which the negative ¢; axis, the default branch cut of
the multiple-valued function log(z), intersects the domain as shown
in Fig. 2. The discontinuity along the branch cut will invalidate the
application of the Green’s theorem above if the domain is a simply
connected convex region as shown in the figure. This problem can
be easily resolved by redefining the argument range of z, arg(z), as
0 < arg(z) <2m for all source points located along the side ABC.
By this argument redefinition, the branch cut is actually reset to
the positive ¢; axis. However, this argument redefinition cannot be
used to overcome the discontinuity problem of the log(z) term in
the integrands for a simply connected nonconvex domain such as
the one schematically depicted in Fig. 3.

It is obvious that along the concave segment AB the discontinuity
problem cannot be resolved, irrespective of whether the negative or
the positive ¢; axis is chosen as the branch cut. As proposed by
Zhang et al.,'? if the outward normal 7 at an arbitrary source point
is not directed toward any part of the domain, this difficulty can be
easily overcome by redefining the principal value of arg(z) to be

(B—2m) <arg(x) < B 19)

It is also evident that this argument redefinition technique cannot
always be applied to treat a simply connected domain with an arbi-
trary shape or even a multiply connected region intersected by the
negative ¢; axis at (o, [;) and (, [3) as shown in Fig. 4.

To resolve this problem, an infinitesimal strip of the domain about
the discontinuity along the branch cut is removed, and the usual
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limiting process to restore this strip is followed, as described in
Zhang et al.' for body-force loading. For a general multiply con-
nected domain intersected by the negative ¢; axis m times in the in-
tervals (Lo — 1, lam—2)s (lom 3, lam—3), - .. (L1, lp), the complete BIE
for plane anisotropic thermoelasticity can be shown to have the fol-
lowing form:

Cijui(P)+fui(Q)7}j(P, 0)ds = /[i(Q)Uij(Pv Q)ds
s

S
+ / yium®U;j (P, Q) dS + / [ Qije.1© — vix ik ®
S S

+ CryuRiji)n, — vuUii (P, Q)On] dS

m ln—2
+ / L;(c) dz, (20)
lon—1

n=1

where the integrand L ;(¢;) for the extra line integral is given by

ritAjA Rt
M+ i

K A jlii
Lj(fl):47t®yi[(—]2]m{ 2A 2112, Q}
1

Wiy + 13y

A ritAji ot 4
miy + My

oA jpa o
—Kn

iy + 13y

11 11

A 1A
f@,g)é'llm{rl ]1Mk1+

K rinAja k2
_47TVik<—1®,l + > > J
—\K K B+ 1y

Wiy + 13y

K|2 { rilAjl/’L/i

+ ClﬂCleik (—Im
“\K (13, + 13))

rinAjaflia }
11

(1, + 13,)

n le{ "il/‘;\jlllvk_lz n riZI:jZMQZ })
Ky ;Lz_.(uu—f-ﬂz_]) Mg(/@ﬂ@)
K VA
—47® J)/;l + — v |Im{riiAj1 +rinAjp) 21
Ky =  kuy '~

With all discontinuities removed from the domain, Eq. (20) is thus
analytically exact for any physical domain. It can be solved for the
boundary unknowns in the usual manner in conventional BEM anal-
ysis. The numerical evaluation of the extra surface integrals with the
integrand of Eq. (21) presents no serious difficulty per se. However,
it requires the temperature field data, including the temperature gra-
dients, at all integration points along the negative ¢, axis for each
source point along the boundary if this axis cuts through the do-
main. This process can be quite cumbersome in practice when the
associated thermal field problem is to be treated separately. Now,
the reasons why we treat the thermoelasticity problem in the se-
quentially coupled manner are obvious because not only the exact
volume-to-surface integral transformation requires the direct do-
main mapping for the associated field problem as well, but also the
temperature calculations at interior points might need to be carried
out, although their coordinates will not be known until the colloca-
tion process for evaluating the transformed thermoelasticity BIE is
performed.

To enable exact transformation of the volume integral, such a se-
quentially coupled treatment of thermoelasticity, therefore, necessi-
tates the employment of the direct domain mapping for solving the
associated field problem. To apply this approach in the sequentially
coupled manner, the BEM codes for solving both problems—the
anisotropic thermoelasticity and the associated thermal field—are
integrated altogether into the same computer program as a single
algorithm using the same mesh discretization of the boundary to
facilitate such a sequentially coupled calculation. In the domain

AX, AX>

—

&

X1 1

Fig. 5 Interfaces between dissimilar anisotropic media.

mapping process, however, the physical domain becomes distorted
in the mapped plane. When a domain consists of several anisotropic
regions, for each of which a different set of anisotropic coefficients
are involved, the interfaces between the dissimilar conjoint materials
will, in general, overlap or separate in the mapped plane as shown in
Fig. 5. Although the mapped domain can be treated as an “isotropic”
one, this overlapping or separation of interfaces, however, will inval-
idate the use of the compatibility equation for the temperature field
in isotropic media when the conventional subregioning technique
in BEM is employed. In what follows, the proper interfacial con-
ditions, including the compatibility and the equilibrium equations,
to treat the overlapping or separating interfaces between dissimilar
subregions in the mapped plane will be investigated next.

III. Interfacial Field Conditions in the Mapped Plane

As aforementioned, dealing with the associated temperature
field is considered an integrated part of the intercoupled treatment
of the anisotropic thermoelasticity in BEM. Although considered
isotropic in the mapped plane, the distorted subregions of dissimilar
anisotropic media can, in general, have overlapping or separating
interfaces that would invalidate the use of the interfacial conditions
in the conventional BEM subregioning technique for isotropic field
problems. Because the temperature values at corresponding points
in the mapped plane must remain identical with those in the phys-
ical plane, the values of temperature change at interfacial points,
although not at the same mapped coordinates for dissimilar con-
joint materials, must be identical from the equilibrium sense, that
is,

el =@ (22)

where the superscript i is consistently used throughout this paper for
denoting material i. However, because of the distortion of bound-
aries that results in misalignment of the unit outward normal vectors
along the interfaces of adjacent materials, denoted by n" and n®,
the compatibility condition of heat fluxes needs to be reformulated
accordingly. For this purpose, consider first the heat fluxes out of the
interfaces between adjacent materials 1 and 2 in the physical plane,
denoted by Q;” and sz), respectively. The thermal compatibility
between the interfaces of both materials requires that the sum of the
normal heat fluxes across the interfaces shall vanish, that is,

00n® + 0Pn® =0 23)
which, for anisotropic materials, can be rewritten as
KDV + K20Pn® =0 24)
Expanding the preceding indicial expression will yield
(KO + K05 + (K0 + K;)'05)ny”
(KO + KO + (k0 + kO =0

(25)
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By means of the chain rule to express the potential gradients in the
new coordinate system (X, X»), Eq. (25) can be rewritten as

(0 vam — @31{}?)]{}?

D ob D
Kll +O£ K22

1)
2

OPVAO ! 4

(09 VAT — 00 K2)KY

@ _
@ L @ r® -
Kll + 0_2 K22

2

+OPVAD ) +

(26)

From the transformation matrix in Eq. (7), it can be readily proved
that the unit outward normal vectors along the boundary in the phys-
ical plane can be written in terms of those in the mapped plane as

ny = (fn«/z/K“ —aKin/Ki) [o.

where w is given by

ny = ;lz/(l) (27)

w:\/[ﬁl(«/Z/Ku)—ﬁz(Klz/Kll)]2+ﬁ§ (28)

By substituting the expressions for n; and n,, given by Eq. (27), into
Eq (26), one can obtain a simple but important thermal compatibility
equation, derived as follows:

A1) 1 A1) g (1)
oW A('><n' AD — ) K, )
§

el
! )Kl]

(Kﬁ)@(f) /A“) _l_A(l)@(é))
[ 2 (1)
+ n,

DM
w )[(11

~(2) 2 _ 1D @
L OYVAD novA ny, Kp
oL a)(z)Kﬁ)

K307V AD + A®0Y
+ L = |,®
2

2) @
w )K11

A® M) | a0
= wu)[(m(@inl +04'h; )
11
AQ R )
T OK® (@i)n?) + 6?"52))
11
AD  de® A®  de®
= + =0 (29)
NEOEF) 2@ da®
oWK;) dn w®K P dn

By specifying the equilibrium and compatibility conditions accord-
ing to Eqs. (22) and (29) for the interfaces between adjacent ma-
terials, the conventional subregioning technique in BEM can now
be applied to simultaneously solve the BIE, Eq. (9), formulated for
both materials. This subregioning process to solve the BIE for nodal
unknowns along the boundary is well established in the BEM litera-
ture, and therefore it will not be elaborated herein. After the thermal
field, including the temperature and its spatial gradients to the first
order, is obtained for all boundary nodes, the sequentially coupled
approach to solve the anisotropic thermoelasticity BIE as described
earlier can then be applied to determine the thermal stresses along
the boundary and interfaces. To illustrate the veracity and the ap-
plicability of the proposed scheme to treat the interfacial thermal
stresses between dissimilar anisotropic materials, three numerical
examples are presented with verifications by the analysis of ANSYS,
commercial software based on the finite element method.

IV. Numerical Examples

As aforementioned, to facilitate the exact volume-to-surface in-
tegral transformation, the associated heat conduction and the ther-

moelasticity problem are treated in a sequentially coupled manner
that shall demand amalgamation of both BEM programs, designed
respectively for the both problems at first. The proposed BEM ap-
proach to treat the interfacial thermal stresses between dissimilar
anisotropic composite materials has been implemented into our ex-
isting BEM computer codes based on the quadratic isoparametric
element formulation. As illustrations to demonstrate the applica-
bility and the ease of modeling such problems by the proposed ap-
proach, three example problems are investigated so that a composite
structure consisting of multiple anisotropic materials is subjected to
thermal loading.

The study for all examples shall investigate the interfacial ther-
mal stresses of dissimilar anisotropic materials under the plane strain
condition. Because of the difficulties we encountered in finding all
necessary anisotropic constants, including all mechanical proper-
ties, thermal expansion coefficients, and conductivity coefficients,
for some real materials in engineering use nowadays, simply for the
demonstrative purpose, our analyses adopted the following arbitrar-
ily chosen properties (Table 1) using the usual notations but with
asterisks denoting values in the directions of the principal axes.

For verifications of the obtained results, all three problems are
also solved by ANSYS6.0, commercial software based on the finite
element method.

A. Example 1

As schematically depicted in Fig. 6, the first problem considered
is a square block (material 1) in which a core column (material 2)
is embedded. Principally, the example is to show the involvement
of the extra surface integrals, formulated in Egs. (20) and (21). Be-
cause material 1 is a multiply connected domain, the source nodes
on its inner surface shall require the extra surface integrals to vali-
date the integral transformation. As shown in Fig. 6, sides AB and
CD are fixed and prescribed with ® = 100 deg, while the other two
surfaces are insulated and free to move in any direction. Materi-
als’ principal axes are arbitrarily chosen to be oriented with 30 and
45 deg counterclockwise, respectively, for materials 1 and 2 to illus-
trate the applicability of the proposed scheme in accounting for full
anisotropy. Also shown in Fig. 6 is the BEM mesh modeling of the
boundary that uses 96 quadratic isoparametric elements with a total
of 192 nodes. By applying the interfacial conditions, Egs. (22) and
(29), to the conventional subregioning technique for isotropic me-
dia in the mapped plane, the associated anisotropic heat-conduction
problem is first solved to obtain the temperature and its spatial gra-
dients at all boundary nodes. For evaluations of the extra surface

®=100°

Insulated Insulated

E 25@ 45° Material 2

| )%\30" Material 1

Fig. 6 Composite structure and its BEM meshes for problem 1.
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Table 1 Material properties of the anisotropic materials

Material ~ EJ,/E}, E3/EY, GT,/EY, G35/ E, G5 /EY, as, /o Vi vl V33 ”Tz,l ”Tz,z "Tz,_z K3, /K3,
1 21/55 16/55 9.7/55 62/55 85/55 20/6.3 025 027 0.19 0 0 0 0.35/3.46
2 51.6/34.5 25/34.5 3.7/34.5 54/34.5 63/34.5 9/2.8 0.28 034 0.28 0 0 0 4.98/4.18
3 32.6/26.5 18.2/26.5 2.5/26.5 22.5/26.5 43.2/26.5 2.4/4.5 022 025 0.17 0 0 0 6.65/9.24

BEM  ANSYS

0 a5 90 135 180 25 270 315 360
0 (Degrees)

Fig. 7 Normalized principal stresses cr;,l)/Erlah@* along the inter-
face of material 1: problem 1.

integrals with source points of material 1 lying along the circum-
ference of the hole, the required temperature data at interior Gauss
integration points are interactively calculated using the BEM codes
for the associated heat-conduction problem while the thermoelas-
ticity boundary integral equation is still being solved. As is obvious,
the involvement of the extra surface integrals for this example has
indeed highlighted the nature of such an inter-coupled treatment.
For verification of the BEM result, the problem is also solved by
ANSYS6.0 with 3712 PLANE-42 elements applied for the domain
discretization. The calculated principal stresses along the interfaces,
al(,',) , op(’z), and ap(’; with the superscript i denoting the material i, are
normalized by £}, ©*(®* = 100 deg) and plotted in Figs. 7 and 8
for material 1 and 2, respectively. As can be observed from the com-
parison of both results shown in the figures, excellent agreement has
shown the veracity of the proposed BEM approach.

B. Example 2

As an illustration to demonstrate the applicability of the proposed
BEM scheme, the second example is to consider a laminated com-
posite structure, consisting of four layers of anisotropic materials
(materials 1 and 2) symmetrically piling up as schematically de-
picted in Fig. 9. The material principal axes are assumed to have
a different orientation for each layer as illustrated in the figure. As
the boundary conditions of the associated heat-conduction problem,
sides EG and FH are, respectively, prescribed with a temperature
change ® =0 and 100 deg, whereas the other two opposite surfaces
are thermally insulated. Suppose that the insulated surfaces, EF and
GH, are constrained, and the other two sides are completely free to
move in any direction. Because of the characteristic of symmetry,
our analyses are carried out only for the lower half part, as shown in
Fig. 10. Also shown is the BEM mesh discretization, where only 92
quadratic isoparametric elements with a total of 184 nodes are ap-
plied over the boundary. The FEM modeling for the ANSYS analysis

0 T T T T T T T
:® G(ZPEM ANSYS
<3 P 0O ——
L 03 @) —
E Op; © —_
a 2) O emm--
o) ,.o.% O'§,3) ©
04 ° Y - ba
> o
< 2 %‘&‘o\ s
Q.Q oAb %o .0
-0.5 - - o ]
oo
-06 1 ] 1 1 L 1 1
0 45 % 135 180 225 270 315 360

0 (Degrees)
Fig. 8 Normalized principal stresses o?
face of material 2: problem 1.

/E}, o, ©" along the inter-

P

!

N ®=100°

41 J
2 E;:E\j 30°
E F
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Fig. 9 Layered composite structure subjected to thermal loading:
problem 2.

involves 2048 PLANE-42 elements. In a similar manner as in the
preceding example, the calculated principal stresses along the inter-
faces are normalized by the same factor Ef o}, ©*(®* =100 deg).
To visualize the variations of the normalized principal stresses along
all interfaces, the values are plotted as a function of the nondimen-
sional distance x, /L in Figs. 11-13 for the interface IJ"’, [J®, and
MN, respectively. Again, excellent agreements between the results
obtained by the proposed BEM approach and FEM can be seen from
such comparison shown in these figures.

C. Example 3

To show the applicability of the proposed BEM scheme for a
somewhat more complicated case, the last example problem con-
siders a composite structure consisting of three different anisotropic
materials with intersecting interfaces as shown in Fig. 14. The mate-
rials’ principal axes are arbitrarily chosen to be oriented with 30, 45,
and 60 deg measured counterclockwise from the x, axis for materials
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Fig. 14 Composite structure subjected to thermal loading and its BEM
meshes: problem 3.

1,2, and 3, respectively. Suppose that the boundaries TO and UV are,
respectively, subjected to a temperature change ® = 0 and 100 deg,
while the other two opposite surfaces are thermally insulated. As the
prescribed boundary conditions, sides TO and UV are constrained,
and the other two surfaces are free to move in any direction. For
the BEM approach, the associated heat-conduction problem is first
solved by applying the interfacial conditions, Eqs. (22) and (29),
for all interfaces between any two adjacent materials. In proceeding
to solve the associated thermoelasticity boundary integral equation,
the same distorted mesh data are used for evaluation of the trans-
formed integrals in the mapped plane. Also shown in Fig. 14 is the
BEM mesh discretization that only 124 quadratic isoparametric el-
ements with a total of 248 nodes are applied to model the whole
boundaries. For the FEM mesh discretization in ANSYS, a total of
2048 PLANE-42 elements are applied to model the whole domain.
The principal stresses along the interface PQ of all materials cal-
culated by both schemes are normalized by the same factor as in
the preceding examples. Figure 15 shows the normalized principal
stresses along the interface PQ on material 1, whereas the normal-
ized values for materials 2 and 3 are shown in Fig. 16. As expected,
there is a jump of the principal stresses across materials 2 and 3 as a
result of the conjoint of dissimilar materials. The normalized princi-
pal stresses along RS are plotted in Figs. 17 and 18 as a function of
the nondimensional distance x,/ W along the interface on materials
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2 and 3, respectively. As can be seen from the comparison of re-
sults shown in these figures, excellent agreements of the obtained
results have once again confirmed the validity of the proposed BEM
approach.

V. Conclusions

Boundary-element-method (BEM) researches on the interfacial
thermal stresses between generally anisotropic materials that are
subjected to general thermal loading still remain unexplored in the
literature. The present work applies an intercoupled treatment in
conjunction with the conventional subregioning technique in BEM
to deal with the problem. The proposed approach is featured by
its generality in accounting for materials’ full anisotropies, coupled
with general thermal fields. For this approach, such evaluation of
the transformed integrals would, however, generally require inter-
active calculations of all temperature and its spatial gradients at all
integration points. Unlike other BEM schemes that are commonly
adopted for such analysis, the proposed scheme has the merit that
both the thermal field and the elasticity problems are solved alto-
gether using the same mesh discretization, and no further numerical
approximation is incurred. Especially, such interactive calculations
are necessary for a multiply connected region that shall involve
field calculations at interior points. As compared with other BEM
schemes, it is apparent that such an approach has restored BEM’s
spirit as a truly boundary solution technique for the general ther-
moelasticity problem of multiply bonded anisotropic composites.
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